Exact simulation of hybrid stochastic and deterministic models for biochemical systems by Alfonsi, Aurélien et al.
HAL Id: inria-00070572
https://hal.inria.fr/inria-00070572
Submitted on 19 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Exact simulation of hybrid stochastic and deterministic
models for biochemical systems
Aurélien Alfonsi, Eric Cancès, Gabriel Turinici, Barbara Di Ventura, Wilhelm
Huisinga
To cite this version:
Aurélien Alfonsi, Eric Cancès, Gabriel Turinici, Barbara Di Ventura, Wilhelm Huisinga. Exact sim-
ulation of hybrid stochastic and deterministic models for biochemical systems. [Research Report]
RR-5435, INRIA. 2004, pp.20. ￿inria-00070572￿
IS
S
N
 0
24
9-
63
99
   
   
 IS
R
N
 IN
R
IA
/R
R
--
54
35
--
F
R
+
E
N
G
appor t  
de  r ech er ch e 
Thèmes NUM et BIO
 INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Exact simulation of hybrid stochastic and
deterministic models for biochemical systems
Aurélien Alfonsi — Eric Cancès — Gabriel Turinici — Barbara Di Ventura — Wilhelm
Huisinga
N° 5435
December 2004
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)
Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30
 
	 !"#$	%&"	%'#(#*)+,)-!".	/
.#)0	12!345*)6.+7	/&	%)6.	
89":;=<?>A@=BC8*<?DFEGB,HI>
∗ JLK :>AMONPQB"MSR=H † JT PQU":>A@=<+VW9":>AB">?M=> ‡ JLX PQ:IU5PY:ZP\[>-]@SB/^Z9,:ZP § J
_ >A<?`"@=<?acbd9">AH>AB"eGP
¶
f-gihjkl6monWpqkrWs+tvuxwzy|{}l~rvhj kIl-=j v=ikl0kroy|{}lFrhjkl0i=ikl
L2Fkr6pp
6iQvr6}kkgikgikQ52=SOwcWkIkjQkWw ¡kl
¢d£,¤¥¦2§i¨¥©
ª« ¥I¬®­i§}¥¬ «Y¯ © uo°krvgik±l~rd{kI²l&³rgldQkjkk°|}kSr*rvg²rl~rv}gSlFr´kµQkI¶rl*iI{
·³jQS~r²Sr4vS³k±·³S³SWv}kll~kIld³kI}i7rv²x³vkIlvkO¸lFr}gYl~rvj}ik³i
²r~rvkj}rl¹ºoklvi»rk4rvgikI°²²i³³r¼{½¾¿kÀir&²S»rgij&lrÁ=ijk²{\lv°k*rvgikgikj²
j&l~rvkÂk=²rv&rvg²r+k=rvvk³{&}kIlvvQklÂ¡lFr}gYl~rv6lv{}lFrkj
 
l~rv}gl~rWl~ji2r³SlÂvkWjSl~r
¾rvgikÃrvj kIl0°k{dji}r2rvY²³{kÀ|Qkl~°kS¹LÄ6{|ij krvgiiil-rvg²r0rvk2rWl~Sj kÃiv}kll~kIl-l
Årgikd}krkj³il~rv ¾®²jkÆ+ÇO²Årvgiklll~rv}gl~rvvk4ivSjlvi4Æ+Z{rvlvQkkIÅi
lv³j²rvl¾®rgiSlvk-lvkl=°S³°|i¿}»µGkk=r,r³jk0lv²kl
 
k¹ ¹
 
lv{}lFrkj&lSrkS²rviWjkr²QS³
²rvg|Æ+I{}l0²kikkSi2rvSv{&ikrFÆÂÇ}l¹
ÈdÉ ¤Ê,Ë®¥I¤©"Ì k-ivkIl~kSr5¿lvj&2rvgkj&2r²|Sl~l¾®"g|{|iv¡l~rv}gSlFr+²¡ikrvkvjilFr
j}}kl
 
&v2°|}kWkIlv{¡rgY²}k¿²Sv³rvgj 6lgikjkl¾®SÂkÀ}S¶r-l~ji2rvS²¾l~Ygdg={|i
j}}kl¹ Ì kÍ³{±lvgi2ÆÎ=ijk²LvkIl~»rlS}r³ikIO¾®S4j}}kikl³ii4S¶rk³Sig²Sk
fWÏSrSk³i²+Sv2Æ-rvgdrvg²r0³lFr²rvkorgikQ2ÆÂk-²¾"²drvgikÃji}r2r³S²%lvQkk*S³ikI|{
rgikÃivkIl~kSrk*g={|i*j i}k³i&iiv=g/¹
¢0­i§i¬ÐË?§}£"¬ÐËÐ¬Ð¥Ñ5©Ò Á³jikjk=r²rvÁ²¾Ârgik&g={|iÅ³S»rgijÓ¾®SrvgikfWÏdj}}kLlv{}lFrkj l
Z°2³²ik¿³´ÔiS~r²´ÏSÏSWÕ0ÖÃÖ×SvkISkl~r+¾®jØrvgik}rvgiSl¹
Ù´É ÑGÚvÛ « ¦ZÜ,¤S© jk-i{
 
l~rv}gl~rv¿ikrvkvjilFrÃSii³i
 
S¶rvkvigY²kfWÏ
∗ Ý/ÞYßàÃá®Ýâ²ã¶ÞYä,åGÝ,ã æç®èé|êëFìíIëîGïñðòôóAëGåiðóAõ~ðïãÝGò öA÷%ø,ëFóAõ~ðù®öAëFóç|Ý%úZð¶û0üIóió?íZùàÃðùÐìZë¶ãý¶ýþÿ¶ÿ5àÃðùÐìZë%ïñð Qðïôïô÷~ë
ÝGëIëZã	2ù?ðìZõFë
† Ý/ÞYßàÃá®Ýâ²ã¶ÞYä,åGÝ,ã æç®èé|êëFìíIëîGïñðòôóAëGåiðóAõ~ðïãÝGò öA÷%ø,ëFóAõ~ðù®öAëFóç|Ý%úZð¶û0üIóió?íZùàÃðùÐìZë¶ãý¶ýþÿ¶ÿ5àÃðùÐìZë%ïñð Qðïôïô÷~ë
ÝGëIëZã	2ù?ðìZõFë¶ã²á®ä,ß/á é±ß
õíIë~ìIõ
¶íZùÐövãø
¶û6ðòôìZëZë 
¶ïôíZõFë~ðí=ãýè~ÿ=ëÝGúZëFóAì2ð¿Ý%ëZëã2ùAðìZõFë
‡ Ý/ÞYßàÃá®Ýâ²ã¶ÞYä,åGÝ,ã æç®èé|êëFìíIëîGïñðòôóAëGåiðóAõ~ðïãÝGò öA÷%ø,ëFóAõ~ðù®öAëFóç|Ý%úZð¶û0üIóió?íZùàÃðùÐìZë¶ãý¶ýþÿ¶ÿ5àÃðùÐìZë%ïñð Qðïôïô÷~ë
ÝGëIëZã	2ù?ðìZõFë¶ã²á®ä,ß/á é±ß
õíIë~ìIõ
¶íZùÐövãø
¶û6ðòôìZëZë 
¶ïôíZõFë~ðí=ãýè~ÿ=ëÝGúZëFóAì2ð¿Ý%ëZëã2ùAðìZõFë
§ âöAùÐíZõ¼öAíZùAðïiîGò
¶ï
Wðì	îGò
õ
¶û0üZíIö?òñì-üIù
¶ù?ðûã²ÞYàÃîYã2àëëFùÐú	
óÐöAù?ðóAó?ë¶ã2ævý ëFòZëFï!²ëFù
¶ 2ùÐëFë"ìZò êëFùÐóAò ö#îGëFù?ïôòôì=ã}øë~üZðùÐö?û0ëFìö$
/àÃðöAúZëFû6ðö?òôõFóðì	Ý%
¶û0üZíöAëFùâõFòôë~ìIõ~ë¶ã}é,ùÐìZòôû6ðïôïôëFë&ç®æIã}øç'Fþ	¶ÿ
îGëFù?ïôòôì)(*,ëFùÐû6ðì+ã²ðì	ø,-*Åß/ëFóAë~ðùÐõ úÝGëFìöAëFùFãîGë~ùÐïôòôì
  )+L,)  *!"#)	%&"	% )#+ -!5.	%,)
 *! 	/&	% 	6.)0	 4&"*.
*)0	
È ¤IÊ  ©  CvkiY²lvl²k\}k7 jQvrk7}kIlOkµGkrlÅl~rv}gl~rv=iklkiS³k7
}Sii&³kiÅ¾®S~r}°k³SiQkjk=riklÃj i}hklQ²SrÃ}k& ³Ii¹&pO²  kÀ}lFrkk
 ²Sv³rvgj kIlQkjkrvrSr5}k+lv}kkÀiS¶rkjkSr" I=2r³Sjrklvlvk+  l~{}l~rvhj k-}k+

r³Sl0i}gi³j=ikl
 
kl6lvji²rvl6l~rv}gl~rv=ikl-kl~rvkSr0rvhIl6irvkYl~kl0krvkvjkl6ikrvkjl
}k&²?¹  kIl¿j rvgi}ikl¿g|{|iv}kllvl~rSr*lv}kkvr³Yloi}kIlvlvl¿jjk}rk
jil~rvkIl6kro }rvklWjjkl~rvigSlFr=ikIl
 
l~rv³rvkSroiikiivigikrvhl6ijkrvrvklvkÃQSi
S³vk-klWl~ji2r³Sl6}kj i}hkl-¾Ðl²=r6³=rvkv°ki³Wi»µGk=rvkl6gik³klW}krkjl
 
jjk
-kÀ}kjikÃk}À}v°2Sr6}kl0vIl~kI²}ÀdikSi²rv}kÃhkl¹
m6Yl¿rill~Sl¿i²Ylkr²vrvk¡iik ¾®ji2rvOj&²rvgij²rv=ik vSiklvkikkIl¿j 
}h³kIl&g|{=v}kl&krdilivSQSlvl&}kld²Sv³rvgijkIl |ij=ikIl&Qkjkr~r²=rd}kOlv³jik*kIl
j}}h³kIl¹6m6Sl6³l~rvl6 k
»r}k¡kIlWk}rlW²Wikii2r³S´lW}Olv{}lFrhjk
S¶rvSig²Sk¿fWÏ|¹
ª« ¥¤Ú¨SË  ¤*© i³S³Sk¿j³k
 
ikl~rv}gl~rv=ik}rvkvjil~rvk
 
rvigk¿fWÏ
 
	
		 !"#
$	%& 
' (  !,&#*
y=r}gl~rv j}}klÃgZ°kS³ikIÅSl~}ki³k&2r~rk=rvÁÆ0gikÁkÀ}Ykvjk=rlY}¶rkÁ²rrgik
k°kÂ¾Wlvik*kl lvgiZÆ+kÁrgik*kÀ}l~rvkk*²¾oiS Aki³kdk°k+¾6l~kd7SrSki
i}kIlvlvkl
 
³ÇSkrv²l}rv²Y4rv²lv²rv*)ôÏ
 
S
 
²+ ¹ Ò ³rvgiSigOj =lFrlvklWvki2rv{
³i³rl5Yl~k0¾®kk}YÇ|Yl
 
vkI}ii{¡ ²rgikLjkIgil~j&l"rvQk0iYlFr²=²lFr5igikvkSr
, rv²rvl²S³°k0ikrvkvjilFrL}rSj kLikrvgkkll-) 
 
2
 

 
².+
 
iSlvk5l
 
¾®l~rk
 lvk&ll~Sik0²¾%igik²rF{=0°²²i³³r¼{
 
Æ0gg&l5¾ÐI°Si³k0³&k°}rvY²{Ãrvkvj&l/)ô10
 
SÏ+ ¹,t¼
rgik+Yl~r,¾®kÆ7{kI²l
 
rgikk¾®Svk
 
ok2r,|ijQk5²¾QlFr}gl~rvj}}kl,gZ°k-²iQkvkIÃrvSvkrv{
}kI²WÆ0»rgºkÀ|rvkjk³{ ³2Æ =ijQkd¾jkikl²k , rv²rvlkS¶r³SÇ|³ikrvl
)20
 
0I
 
.3
 
0+ ¹4f-gikd}{|jlÃ¾0´l~rvigSlFr&lv{}lFrkj'l}kl³QkIÅ={Orgikdgikj Lj&SlFrk
kISY2rv Æ0gigSi³{¡lvk}j QSll~kIl"²{=rv²il~S³irvl¹,ÔiS~ri2rk{
 54 ³³kIl~³k   Ç603|Ï7  }k°|lvk¿rFÆÂ6kÀi¶r³S»rgij&lGrvW=ijk²{¿l~ji2rk5rgikÂlFr}gl~rv,r³jkk°}rvÃ²¾i³kI
gikj²}kS¶rvYl
 
Æ0gigvk+k=i°2³kSr"rvÃl~S³°|iWrgik0gikj|j&SlFrk"kISY2rv)20
 
00
 
+ ¹
Ò »rgiiSg4¡jk¿k
k=r0kÀ}S¶r0j krvgii*gl-QkkvSQSlvk={ 4 l~S*s+Ç   lvkdSklvk+¾Q}Sj |ijQkl5¡Srvk³k=ri2rlFrvrvikl8) 3+
 
iik{l~r}gSlFr+l~ji2r³S²k
°kv{Sj }r²rv³{¡kÀ|Qklv³°k
 
Æ0gik&rgikko²k6j&²={vkI¶rl
 
lvjkWj S³kIi²ÂlvQk³kIlvk
iklvk=r³k2rv°kL²kj SiSrl²9ZkrvÃ2rkl²kLgig/¹5uoi{¿kkSr³{
 
j}}³ÍY²rvl
rWrvgik+³S³Y²Sgikj=j&l~rvk,k=²rvgZ°kQkkiQ=l~kI¿r6¾®~rgik"lvQkkIi¡lv³j²rvl¹
f-gikIl~kÅ³|°°kOk»rgik´Z°k²i\2°kd¾ÐSlFr4krvl:)20<;+
 
ii2r³SC¾¡=lv ¼l~rvkS}{  lFr2rvk
rgikSv{*)ô.7+
 
i³idrkrvgik¿kS¶rvYl6rg2rÃ}i³±¾Ðl~rÃlvkll~>=®rvgik&lv ¼³k´r
ki³´jkrgi}il?) 
 

 
0
 
.;+ ¹ Ò i²rgik lFr²rvkS{OlÃrvOj i}krvgi=l~ki}kIlvlvklrvg²rk»rgik
=°S³°kÂ²k=jQk"²¾Y²vrvkl,gZ°k¾Ðl~r"²rvkl
 
 o}krkj³il~rvÆ-I{
 
Çkk³i¿l~r}gSlFr
rgikkj&²ii&ikIl¹A@5k{*vkIk=rv{
 
rFÆÂd²Sv³rvgjl-rvdlv³ji2rki³igikj²lv{}lFrkj&l0lvg
g|{=v´¾®jkÆÂSvÇgZ°k¡QkkOiQ=l~kIB)ô²
 
S<+ ¹f-gik{²kSl~kS±dik}¶r³SOvkI¶r³S
rF{|Qkgikivl~rvl0¾®6rvgkk³2C²rv¾,rgik¡lFr}gl~rv²vrI¹+t¼´Qrvglvkl
 
rgikj&³´}k&l0rv
Íl~roik}¶rorvgikr³jk¡OÆ0gig±dlFr}gl~rvÃk°k=r¿lvgiSi´ii¿4rvgkOk°S³°krvgikl~{}l~rvkj
¾,}³Y²{&i»µGkk=rv²/k=²rvl¹ Ò rWlvQk³ÍY³l~rkIl-³r³jk
 
rvgikl~{}l~rvkj3l-iG2rvkI
 

³r-l-gikIÇkIÆ0gikrgik+rvgikl~rv}gl~rv6k°kSr-gSlLr¡QkoQk~¾®SvjkI&+i²rI¹5f-gik¿³S»rgij
 
rgik
 i}kkil¡kilv°k{¹ Ò ³rvgiSig7rvgkl~k´²³rvgij&l¡lvkkj rvÅS³°k*S|}½klvi³rl
 
iZ°|}k½rgik
r³jk
¼l~rvk4²¾rvgku¿EDºl~S³°k-l0Çk}rWl~j&³
 
rvgk{dÇ j&²rvgikj²rv|¼YlFr»ÍY2r³S
 
Æ0gig
Sl~lÂrvgk6iS{&idQk+Fik/¹5t¼drgik¿¾®S³ZÆ0i
 
ÆÂkiQSlvk¿¡lÂj²rvgikj²rv
SvSi ¾®SÂg={|il~rv}gl~rvW²ikrvkvjilFrWj}}k³id°k{ kk=²Sr+&Y2rvYÆ+I{S¹
Ì k4lv±iklvkSr rgikk4²Sv³rvgij&l¾®³rl³jikjkSr²rv²\Í³{\lvgi2Æ1Íl~rSrvii
|ijkv%kl~»rl+¾®-rgikÃrvkigk¿fWÏj}}k/lv{}lFrkj4¹
F G d!")0¶ 	%&"	%qÃ!
#)+)-!5.	% .#)0	
ÕÂSl~}k
N
gikj²Wl~QkIkl
S1, . . . , SN
=°S³°kI7
M
kS¶r³Sl
R1, . . . , RM
¹xÕÂgikj²
lvQkkl-²kWj}}k³kd³drkjl+²¾|ijQk-¾jki³kIl
X(t) = (X1(t), . . . , XN (t))
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  Sa → ∗   Sa + Sb → ∗

Sa + Sa → ∗  
ÆÂkSkr
aj = cjXa(t)   aj = cjXa(t)Xb(t)
aj = cjXa(t)(Xa(t)− 1)/2  
vkIl~QkI¶r³°k³{:)20I
 
00+ ¹0uoYkkS¶rv
Rj
l6Qkv¾®j kI
 
rgik
|ijQk²¾Gjkikl"¾®LkIglvQk³kIl5lLiGi2rk&}iorrvgk6l~r²rvk6gik0°k¶r
νj  
?¹ k¹
 
X(t)← X(t) + νj
¹
*É ¥ É ¦\¬ ¯ ¬Ð¤¥I¬Ð¨  « Ü É Ë s+Sl~kIddrgikÃZÆ·²¾,j&ll-rv
 
l~{}l~rvkjØ¾,iik*}²{
}³µGkkSrSkI=2r³Sl = u¿ DÂl ?lkl~ri³lvgik¾®rgikrvjkÂk°S³}r³SÃ¾}rvgikE
1-²¾ijki³kIl
X(t) ∈ RN+
=?l~kk
 
k¹ ¹
 
)ô
 
0<3+!?
d
dt
X(t) =
M
∑
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d
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P[X(t) = x] =
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∑
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=
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∑
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Af(x) = lim
s→t+
d
ds
E[f(X(s))|X(t) = x]
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∑
j∈D
aj(x, t)
d
dx
f(x) +
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j∈S
f(x + νj)aj(x, t)− aj(x, t)f(x).
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g1(τ |t) = a1(X(τ), τ).
=AÏ?
ÄWkk
 
²³rvgij³{
 
Æ+k4lv³ji{7l~ji³rikSl~{\lv°kdrgik´l~{}l~rvkj¾Ãu¿ Dl = 7 ? ²Y =AÏ.?¹
f-gikW=ijk²Ylv}r³S²¾/lvg&}²{¡}»µGkk=rv²Yk=2r³SlLl°k{ÆÂk³Q}}ijkSrk =®kS¹ Y¹
 )ô
 
0<7
 
0ZÏ
 
+!?¹ Ì kWrgikk¾®kWlviiQ=l~k6rvg²rÂÆ+ko²kW²³k6rv ji}rk6rgik¿l~S³irv&¾%rvgikÃu¿EDl
i rvÁ={\ikl~k i{½²7kkr rvgik´}lkrv2C²rv7k¡ Æ0g²r ¾®ZÆ6l¹7oikrv
kIY¹ =Ð ?
 
ÆÂkÇ|i2Æxrg2rWrvgikÍlFrol~rv}gSlFrkS¶rvS}il6}i rvrvgik}Sj3°2v²³k
T1(t0)
¹ÕÂlvk=ikSrv{
 
Æ+k ³=rvkS²rvkrgiklv{}lFrkj ²¾0u¿EDl= 7 ?¿²>=AÏ.?oiSr³"r³jk
τ = s
lvg
rg2r
g1(s|t) = ξ1
¹Of-g=l
T1(t0) = s
²Árvgik*l~rvigSlFr&kS¶rv½lQkv¾®jk%¹f-gikdk=rvvk
i}kI}ik¿l-rvgik4vkQk2rk*iSr³lvQk³Ík*Í²%rvjk¹
f-gik+QZ°k+²³rvgijlvgikjk+vkIS³kl/rgik+lvkÂ²¾Y=ijk²=SrkS²rvl%rg2r5³2ÆÁrv¿l~rvS
Srk2r³SÆ0gik±lvjk l~ ²³kI4k°kSr¿¾®i¶r³S =®OSi¿lvk
τ 7→ g1(τ |t) − ξ1
?W°2²ilvgikl¹ Ò
¾®kÆº|ijk²Gu¿ED\Srk2rl5³kS}{}kok°k=rÂg²i³i¹5Ä62ÆÂk°k
 
rvgik¿l~QkI²²rvik
¾WSik°kSr¾ ¶r³SjÇkl »r&kIlv{ÅrÅji³kj kSr&rvgik4k°kSr}krvkrv
 
lv³k
g1(τ |t) − ξ1kSl~kIld³
τ
=®³r4lik=2r³°k±Qk¾®kOrvgkÅk°k=rrvj k½²CQ=l~³rv°kOrvgikvkI2¾ rk?¶¹Øf-g=lSik
|ijkv³{*SrkS²rvkl0rvgk¡l~{}l~rvkj
¾Âu¿EDlWi=rvrvgikÍYl~r6r³jk
τ+
Æ0gk´rvgik¡k°k=rW¾®i¶r³S
g1(τ+|t) − ξ1
QkjkloQSlv»r³°Sk
 
Æ0gi³k¡³rllFr³,kS²rv°k¡2rorgik ivk°|³Sl6rvjk
τ− = τ+ − δt=
δt
QkirgikÃrj k¡lFrk ?¹0f-gik
 
&Q{|ij²/SrkYS2rv4QkrFÆÂkk
(t−, g1(τ−|t)− ξ1)

(t+, g1(τ+|t) − ξ1)
²\Qk*Yl~kI½7}krOk°2³²rvkrvgk*k°kSr¡r³jk
s ∈ [τ−, τ+]
2r Æ0gig
g(s|t)− ξ1 = 0
¹Lf-gil-v}k}ikol+rvgiklvj kl~kIr Skik²rvk¿}klvk}ri}r )20<7
 
0ZÏ<+
 
²*l
ÆÂkkIlFr²ilvgikI4jkrvg}%¹ Ò ³rvkv²rv°k{
 
Æ0»rgOlvjk}»r²,Sji}r²rv=lFr
 
&Íik
r³jkl~rvk´Si*QkÃlvkdr&lv°korgik¡u¿ D*rgikÃSrvkv°²²
[τ−, τ+]
¹
ßß
ì.Hÿþ ¶ÿ
;  E% " .	
1! 
$	 "
1   
1#!5
  
		 	
f-gik}k¶rWjkrgi}4kÀ}i³rv{i²rvkIl-Æ0gg´vkI¶r}il-kÀ|ro²YÆ0gik4³rWiil ) 0I
 0 0+A¹Of-gikdvkI¶rÅrvjkdlS³°k½={±rvgkFij\¾-rvgik*,ll~SÁi}kIlvl
Nσ(t) =
∑
j∈S Nj(t)Æ0³rvgÅSrklv»rF{O°k±={´rgik&iji2rv°k rvjk rv²l~¾®j&2rvS
gσ(τ |t) =
∑
j∈S gj(τ |t)
¹ f-g|l
rgik²Sv³rvgijovkI² CI2rvSd²¾rgik}vkI¶r0g|{=v*jkrgi}*l6l+¾®³2Æ6l  
0¹6y|kr6³»rGrj k
t = t0
²Y*³»r%|ijQkl-¾,jk³kIl
X(t0)

}¹ 4 kik2rk ²ijØ°2²²ik ξ ∼ Exp(1) 
i¹6y|kr
gσ(t|t) = 0
lv°korgikl~{}l~rvkjØ²¾u¿ Dl6l~r~r³2r0rvj k
τ = t
dX
dτ
(τ) =
∑
j∈D
νjaj(X(τ), τ)
=
;5?
dgσ
dτ
(τ |t) =
∑
j∈S
aj(X(τ), τ)
=
35?
i=rv%r³jk
τ = s
l~g*rg2r
gσ(s|t) = ξ

¹ 4 kik2rk6}lvvkrvkL²Y}jx°²²i³k5Æ0³rg°2²ikIl/³ S ²ÃivS²³»rkl (aj(X(s), s))j∈SSik+rv}krkj³ikrvgikÃkS¶r³S
Rm
rv&QkQk~¾®Svjk 
}¹0nWGi2rk
X(s)
SS}irvdvkI¶r³S
Rm  
gikk¡l~kr
X(s) ← X(s) + νm
Glvkr
t ← s
²Y
S¡rvdy=rvk}¹
 "! $#%&('*)	+),'*-./)0 	0 	%
t¼\rvgikdÍlFr¡kS¶r³SÁjkrgi}
 
´}r²rv°kdkS¶rvÁr³jk*lkik2rkÅ¾®¡kIg½kS¶rv "rgik
kS¶rvvkIl~Qi³iÅrv½rvgikOlvj&²³kIlFr&r³jkldgSlvkrv\}i
 
rgikOl~r2rk´°kI¶rvS
X(t)
l
SS}iS³{ÁiGi2rk²\rgik4i}kIlvl¡kQk²rvkI )20
 
0 0+A¹f-gik4ikÀ|r&krv7jkrgi}7l
k&³kSrÂ² kIiSj =®¾®vSjrgik6YSSrL¾Q°|kÆ²¾Glvk0²¾G}j °2v²ikl?°²²Sr5²¾Qrvgk-Íl~r
kS¶rv jkrvgi}%¹"t rl5Sl~kI klvk0²¾G²}Sj °2²²ikl5²Y }r³j2CkIi²rÃl~rv¶rikl ) 3+ ¹
f-gil¿klvk ²³2Æ6lolorv4l²jik¡³{´ik ²}SjÓ°2²²ik¡2rkSgO³rk2rv>=Ð³l~rvkIO²¾r¼Æ+
³Çk±rgik&}k¶rÃjkrvgi} ?¶¹&f-gik&³rvgijk²2C²rvlo¾rgik ÍYl~r²Orvgik&ikÀ=rvkIrv
g|{=v*jkrvg}il6²k¿°k{dl~j³²
 
rvg=Yl0ÆÂkÃl~r²rvk¿rgikj
4jr-¾®j  
0¹6y|kr6³»rGrj k
t = t0
²Y*³»r%|ijQkl-¾,jk³kIl
X(t0)

}¹ 4 kik2rk³Y}kQk}k=r²}Sj °2v²³kIl (ξj)j∈S   ik¾®¿kSgOvkIrv Rj  S   Æ0³rvg
ξj ∼ Exp(1)

i¹6y|kr
gj(t|t) = 0
¾®
j ∈ S

á ä,ß/á é
 
	
		 !"#
$	%& 3
m6Y¹ vkI¶r³S iQklv³r¼{ 2rk=5iZ{ −1 ? l~r²rvkÃgik
R1
k c1−−→ rkj a1 = c1 · k c1 = 0.025 ν1   = 0    0   5?
R2
rvkj c2−−→ ∅ a2 = c2 · rvkj c2 = 0.25 ν2   =  0      5?
R3
rvkj c3−−→ rvkjdÖ k a3 = c3 · rvkj c3 = 1.0 ν3   =Ð   0   5?
R4
kGÖ¿lFrv c4−−→  °|vl  a4 = c4 · k · l~rv c4 = 7.5 · 10−6 ν4   =?    0   0<?
R5
rvkj c5−−→ rvkjdÖ¿lFrv a5 = c5 · rvkj c5 = 1000 ν5   =?      0<?
R6
lFrv c6−−→ ∅ a6 = c6 · lFrv c6 = 1.99 ν6   =?       0?
 ð!Zïôë  ýû 
 IëFï=ëí2ðö?ò 
¶ìIó
¹6y|S³°k¿rgikl~{}l~rvkjØ¾Lu¿ Dl6l~r~r³2r0rvjk
τ = t
dX
dτ
(τ) =
∑
j∈D
νjaj(X(τ), τ)
= 05?
dgj
dτ
(τ |t) = aj(X(τ), τ); j ∈ S
= 0 0<?
i=rv%r³jk
τ = s
l~g*rg2r0¾®0rvgikÍlFr0rvjk
gm(s|t) = ξm
¾®6lvjk
m ∈ S

}¹0nWGi2rk
X(s)
}irkrv
Rm  
gikkÃlvkr
X(s)← X(s) + νm

7i¹6y|kr
t← s

=Ð!?*Ô,l~r0kS¶rv*g|{|iv*jkrgi}  5S¡ry=rvk|¹
=®#?mWkÀ|rWkS¶r³Sg|{=v4j krvgii  +ÔWvkS¶r³S
Rm
Skik²rvkkÆ×}Sj3°2v²³k
ξm ∼ Exp(1)
²Ydlvkr
gm(t|t) = 0  
Æ0gi³kÇkk³i²G²rgik-°2²ikIl
gj(t|t)
¾®S
j 6= mSl-³i³r%°²²ikl+¾®-rgiklv{|l~rvkjØ¾Lu¿ DÂl= 0 ?-² = 00<?iS¡ry=rk4¹
Ôi²O»rk2r³°k¡²Sv³rvgijÃvkI²2C2r³S4¾5rvgk¡g={|iikÀ|r¿krv´jkrvgi}Sl~kI4S
kl²i¡¾rvgikÃ²Y}jØ°2v²ikl
ξj  
Æ+kÃlv³ji{dvkiSky=rvk67 |{
7  =Ð³!?+ÔiS+krv
Rm  
Skik²rvk¿ikÆ·}j °²²ik
ξm ∼ Exp(1)
|¾®SÂrgik¿kj&³ii
kS¶rvYl
Rj  
Æ0³rvg
j ∈ S
²
j 6= m  
kl²k
ξj
S}³dr
ξj ← ξj − gj(s|t)
¹*y|kr
t← s
²¡ry=rk´i¹
  4.)-!"Â½	/*#)0	32Ã!Ø)
	 .#)0
Ì k*i2Æ1Æ0lvg\rvÅ}kjSlFr²rvkrgik*Q2ÆÂk¡²¾W¡g={|i½jkrgi}\Yl~iÅj}}k-}k°k½|{
y|°2l~rZ°24kr ?¹ )ô.3+0}kli³´rvgik*³=rvk³i²ZÆ-rgÁ¾0Y¶rk³Sig²SkfWÏ|¹ Ì k*g|Slvk
rgilj i}k5lv³k¡³rÃ³kI²³{´lvgiZÆ6lWrgik}³µGkkk¡Qkr¼ÆÂkkÅ}krvkj³l~rv ²±lFr}gl~rvj } 
k³³B=ÐÔ,ik 0?¿rvg|lÃ³ZÆ6lorv4gikIÇÆ0gikrgikrvgikg|{|ivOjkrgi}OlÃ²ik¡rv´l~QkkIOi
lv³j²rvÆ0³rvgiS}rWjijl~i¡rvgikÃklvi³rl¹
ßß
ì.Hÿþ ¶ÿ
0I  E% " .	
1! 
$	 "
1   
1#!5
f-gik*rvkigkdfWÏrvkIlFr j}ik-Sj vl~kIlÃrgivkkgikj -jQkSrl  &°|Â=³k
Sil+llv»ÍkI&Sr kj =Ðk ?Â²rvkj i²rvk= rkj ?+²Y°|³²Gl~rv¶ri²Qi²rvk³Yl =Ðl~rv?¹
f-gik}¾®krv½i}kIlvllj}}kkÅ|{Ål~³ÀÅvkI¶r³Sl=?fi³k 0<?¶¹t¼Árvgikdlvk=ik
 
ÆÂk&Æ0L¾®}l
Sdrgik2Æ·³i¾®k¶r³Sk°k/SvklvQ}irv rvgki³rv²/=ijQkl-¾jS³kIikl+rvkj
= 1  
k
=l~rv
= 0
¹
time (days)
nu
m
be
r 
of
 t
em
 m
ol
ec
ul
es
0 100 20050 150
0
10
20
5
15
fully stochastic  
hybrid S={1,2,3,4}
hybrid S={1,2,3}  
hybrid S={1,2}    
hybrid S={1,3}    
deterministic     
iò¶íZù?ë YÝ%
¶û0ü2ðùÐòôó 
¶ì 
=öAúZëIëFö?ëFù?û0òôìIòôó?ö?òôõ,û 
+ZëFï ò öAú-öAúZë,û0ë~ðìZó
=öAúZë,³íZïôï +ó?ö
õ ú2ðó?ö?òôõ5ðì	Zò ëFù?ëFìöú  !Zù?ò
û 
 IëFïñó !ZðóAë 
¶ì
10
4 ùÐë~ðïôòvðö?ò
¶ìZó
	
Ò lÆ+Sllvgi2Æ0Á ) 3+
 
rvgkd}krvkj³l~rv&j}}k²¾-rvgik*²Q2°k&lv{}lFrkj'Q=lvlvkll~kIl¿rFÆÂOlFr
r³S²{OQSrl   = 0<?rvgikdQSrrvkj
=
k
=
lFr
= 0  
Æ0gig½lil~r²³k:=®rvgik*lv{}lFrkj'Æ0
j2°k ZÆ+Z{¾®j »r²¾ rvkl~j&²"Qkvriv²rvl?W>=? ?6rgikQSrrvkj
= 20  
k
= 200
²
l~rv
= 10000  
Æ0gigOl¿lFr²ik = rgikl~{}l~rvkjÓÆ0³"vkrvi´r*»rÃ²¾ rvklvj&²,Qkvrvi2r³Sl?6²
²r~rvrv°k=®rvgiklv{}lFrkjØrvkil-rv&vkIgdrvgil6l~r2rk
 
»¾"QSllv³ik<?¹
Ò l²&²³{}lvl"²¾Qrgik6ivSQklv³rvkl =Ðk¹ ¹
 
|{iiiiÃlv³iS³k0vkI²2C2r³S ?vk°k²l
 
kS¶r³Sl
R5

R6
g²iQkjgOjkÃ¾®vkI=ik=rv{*rvgY²´rgikrvgikl
 
l~kIlFr³rvgY2roÆ+kj i}krgikj
}krvkjil~rv³{
 
Æ0gi³k¡rvk2r³rgik vkj³³i*ikIl¿lFr}gYl~rv²{¹Ô¿ifWÏ&j}}k
 
rvgil
²k°kQkj&ikjk¿iklvk  5f-gikÃiQkYl~³rvkl02r0rvgikl~r²³kÃl~rvkI}{*lFr2rvk²k  
a1 = 5 a2 = 5 a3 = 20
a4 = 15 a5 = 20000 a6 = 19900
= 0I ?
Æ0gig*³kI²³{&l~gZÆ·¡l~k²2r³S&¾/rvjkl²koYkr¼Æ+kkdrgikor¼Æ+ lvkrlÂ¾vkI¶rl¹,f-gik¿klvi»rl
¾®S
104
vkI²2C2r³Sl¿²¾+rvgikvkIl~QY}³ig={|i±j}}k²klvgi2Æ0Å³½Ô,ik}¹ Ò lÃ )ô.3+
 ÆÂk&}lviI{vkIl~i³rl¿k2rk´r*rvgk=ijQkÃ²¾rkj jS³kIikl¹t rÃ²±QklvkkOrvg²r¿rgik&}lFrv 
i}rlÃS}r³ikI±Æ0³rvgÅrvgk&g={|iÅj}}kvk&²jSl~rÃ³il~rvilvg²³k¾®vSj rgiSlvkS}r³k
Æ0³rvgrvgikW¾®i³{lFr}gYl~rv0j i}kA¹"f-gik¿}°²²Sr²Sk0²¾%rvgkWg|{=v&j i}kYlÂSl~}ki³kWlI°|i
¾ÂÕÂn rvj k¡|ijk²,l~ji2r³Sl¹oÔiS6rgik¡l²Çk²¾jvlv
 
ÆÂk¡gI°k¡lv³ji2rk4rgik
¾®i{½l~rvigSlFrdÁrgik*g|{|iv½j}iklSl~kI½7k³rvgik¡rvgik4}³kr¡jkrvgi} )20
 
00+-rgik
ikÀ|r vkI¶r½jkrgi} ) 3+A¹½f-gik*Yl~k°k ÕÂn3rvjkl vkdkQS~rkÁ f,²ik}¹Át r²Qk²l
rg2rrvgikg={|iÅlvji²rvlvk&YS}r
100
rvjkll¾Ðl~rSl¿rgik¾®³{Ål~rv}gl~rv Sikl¹df-gik
g|{=v4l~ji2rv4l0Sl~kI*S4&0ik }rvrSrk2r0²¾"}k
4
Æ0³rvgYlFr²Sr0r³jkl~rvk
á ä,ß/á é
 
	
		 !"#
$	%& 00
number of tem molecules
re
la
ti
ve
 f
re
qu
en
ci
es
0 10 20 30 40
0
0.1
0.2
0.3
0.4
0.5
0.6 hybrid S={1,2,3,4}
fully stochastic  
25 days post-infection
number of tem molecules
re
la
ti
ve
 f
re
qu
en
ci
es
0 10 20 30 40
0
0.1
0.2
0.3
hybrid S={1,2,3,4}
fully stochastic  
100 days post-infection
number of tem molecules
re
la
ti
ve
 f
re
qu
en
ci
es
0 10 20 30 40
0
0.1
0.2
0.3
0.4
hybrid S={1,2,3,4}
fully stochastic  
50 days post-infection
number of tem molecules
re
la
ti
ve
 f
re
qu
en
ci
es
0 10 20 30 40
0
0.1
0.2
0.3
hybrid S={1,2,3,4}
fully stochastic  
150 days post-infection
number of tem molecules
re
la
ti
ve
 f
re
qu
en
ci
es
0 10 20 30 40
0
0.1
0.2
0.3
hybrid S={1,2,3,4}
fully stochastic  
75 days post-infection
number of tem molecules
re
la
ti
ve
 f
re
qu
en
ci
es
0 10 20 30 40
0
0.1
0.2
hybrid S={1,2,3,4}
fully stochastic  
200 days post-infection
iò¶íZù?ë$   !ZùÐò òôìZë¼ö?òôõFó 
¶ù%öAúIë !2ðõ¼öAëFù?ò
¶üZú2ð¶ë  ýÂû 
+ZëFï ùÐë~ðõ¼öAò
¶ìZó
R1
ã
R2
ã
R3
ðì	
R4
û 
+ZëFïôïôëWó?ö
õAú2ðó?ç
öAòôõ~ðïôï ãùÐë~ðõ¼öAò
¶ìZó R5 ã R6 û 
 ZëFïôïôë IëFö?ëFù?û0òôìIòôó?ö?òôõvðïôï  õ
¶û0ü2ðù?ë0ö 
Lö?úZë,ùÐë³ëFù?ëFìZõFë³íZïôï +óÐö 
õ ú2ðóÐöAòôõ,û 
 Ië~ï |ü 
¶óÐö?çòôì³ë~õ¼ö?ò
¶ìZòôóÐöAùÐò!ZíIö?ò
¶ì
iö?ëFûû 
¶ïôëFõFíZïôëFó  !2ðó?ë 
¶ì
10
4 ùÐëvðïôò~ðö?ò
¶ìZó
	
δt = 0.01
iZ{ )ô
 
0ZÏ
 
07+ ¹½t¼7S}krv±°kv³¾®{Årgik4iS{Å²¾6rgikk°k=rikrvkI¶r³S
 
ÆÂkkÀ 
i³r6rvgikkÀ}l~rvkk²¾5´²Y²{Sr²l~S³irv¾®Wg={|i4k=2r³Sl-¾®
S = {1, 2, 3, 4}
¹-ÄWkk
lv°|³i¡rvgikk°kSr0kISY2rvYl = 3 ?Â = 00?-²*QkÃSj ³l~gk|{d¾®kÆ¸m6kÆ-rvS*³rvk²rvl ) 7+ ¹
f-gikklvi»rl+S}r³ikI*²ko°Skv{dl~j³²0lviSkl~rvirvgY2r-rvgkk°kSr6}krkrvl-Qk~¾®SvjkdÆ0³rvg
lv kSrWSiS{S¹
ßß
ì.Hÿþ ¶ÿ
0Z  E% " .	
1! 
$	 "
1   
1#!5
p´}}k Wk¶r6jkrgi} m6kÀ=r6kS¶rvSdjkrvgi}
Ôi³{*l~rv}gl~rv 0I7¡l 0I²Sl
Ä6{|i*j i}k  
S = {1, 2, 3, 4}
0;S¡l 0l
 ð!Zïôë }Ý%
¶û0ü2ðù?òôó
¶ì 
³íZïôï ,óÐö 
õ ú2ðóÐöAòôõGðì	Lú+ !ZùÐòLû0ëFö?ú	
+Lòôì"ö?ëFù?û0ó 
²Ý%å"öAòôû0ë  104 ùÐëvðïôò~ðö?ò
¶ìZóvã
¶ù®öAù?ðì-ý¶ýõ
 IëLù?íIì 
¶ì¿ð-å}ëFìö?òôíZû  	 þ * 5üIù
õFëFóAó 
¶ù 
	
t rl*lFrvY¶rv°kOrv Qk~¾®Svj lv³ji2r³Sl*i}k4}³µQkvkSr´giSkl*²¾
S

D
·S}k
r*}kSrv³¾®{´rgikvkI¶r³SloÆ0giSlvk l~rv}gl~rvkµGkrlÃ=rv³}rvk jSl~r¿rv*rvgk 2°k²,}{|j²
QkgYI°|6¾"rvgik¡fWÏ j}}klv{|l~rkj =?lWÆ+lW²lv&QSrvkI4S}rW ) .+ ?¶¹ Ò lo²´Qk³i¾®kvkI*¾®j
Ô,ik =®k¾ r?
 
k}³i´rgikd=ijQk¡²¾0krvlÃj}ik³kI½lFr}gYl~rv²{rv
S = {1, 2, 3}g}{\g²iSklrgik4vkIl~i³rl¡ rvkj&l ²¾¿}l~rv³iirv i²ÍY³kIl¹7t¼SrvkvkIlFr³{
 
rvgik´lv³ji²rv
r³jklo²klvjkÆ0g²r6iSk
 
¾®S0rgikrvjkl~rvk´gSl-rQkk}Yk4={4¾Ðrv
10
rj&²Sr²
rgik*}klv³k½Si{¹uoÁrgikd²rgikg
 
4¾®ivrvgikk}Y¶rv½¾-rvgikd|ijQk¡²¾0kS¶r³Sl
j}}k³kl~rvigSlFr²³{d}j&2rv³{&j}}³Íkl-rvgikÃ2°k²%}{|²jGQkgZ°=-¾rvgikl~{}l~rvkj
=?l~kk4Ô,³Sik ?¹ÄWZÆÂk°k
 
rgik4jk²°2²iklvk4lFr³6Slvk rv±rgik¾®i{7l~rv}gl~rvdrvg7rv
rgikOikrvkvjilFrj i}k =?Ô,³Sivk 0<?¶¹Ä6kk
 
rvgikOSrvkvZ{ ²¾rvgk´rgivkkvkIrvl
R1   R2
R3  
*rgikSik6²¾,rgikW}ivkkÃlvkkj&l-r&Qk4jYS~r²=r6~rW²¾"rvgikvki2rv{
ikr¼Æ+ÇQ¹mWkS³kI¶rvirvgikIl~k*l~rv}gSlFr&kµGkrl¡³ikIl=®²k?ik°|²rvYlÃ¾®vSj'rvgik*vk¾®kvkk
¾®i{*l~rv}gl~rvoj}ikA¹
   	Â		
Ì k¡ikl~kSrkj&2rgikj&²rv²,ik³°²2rv4¾®Sog={|iOlFr}gYl~rv²Y}krkj³il~rvj}ik³i
rgikkkÀiS¶r0lvji²rv4²Sv³rvgij&lÂrvg²r6vk¿kSl~{&rvji³kj kSrI¹Lf-gkQZÆ+k0²ii
i»rF{¾rvgik-g|{|ivj}}k³i²iiSSggSl,Qkk}kjSlFr²rvkIS oj i}k|¾®"S¶rk³Sig²Sk
fWÏWj}}k ) 3+irvg²r5Æ-l"klvQk³{iklv³SikrvÃ²{ CkÂrgik0³ , ikk-¾GlFr}gl~rv , rv²rvl
S*rvgikÃ2°k²%}{|²j%QkgZ°|³S¹ Ò l6 klvi³r
 
ÆÂkÃS²ikI*lvQkkI*i4²¾,rvgiklvji²rvl-|{
rFÆÂS}kl+¾,ji³rvY}kÆ0³rvgiS}rWSj vSj lv³i¡rvgklFr2rvl~rvl¹
t¼rvgikl~r6{kl0lvk°k²/²iv=gikl+gYI°kÃQkk4vSQSlvkrl~Qkki´l~rvigSlFrlvji 
r³Sl¹pSl~r¾rgik r³jkl
 
rvgiklFr²vrviQSrÃlÃÅ²ivZÀ}³j&²rvO²¾ÂrvgiklFr}gl~rv¡ivikll
Nj(t)
=ÐlvkkdkQ¹ =A? ?SiSr³irvgikd|ijQk¡¾-rvj kIlvkIrv
Rj
}il¹4t¼Árgik*Sl~k²¾0r² 
ki³jkrvgi}lE) 
 

 
0
 
.;+
Nj(t)
l-²ivZÀ}³j&2rk&|{"lvlvdivikll
 
Æ0gik¿³drgikSl~k
¾ )20;
 
7+GZ°k³irvkIgi=ikIlÂvkWii³kIrvrgiSlvk
Nj(t)
rg2r-klvQ¡rv¾ÐSlFr+vkI¶r³Sl¹
@5kv{kkSr³{
 
rFÆÂ*²Sv³rvgjl0rv*lv³ji²rvkg={|i´j}}klWgZ°kQkkiQSlvkB) 
 
=<+A¹of-gik
j&²O}³µGkkkrv*i¿iiSg4lWrvg²rorvgik{4SÇ´j²rvgikj&2rvFl~rv³ÍY²rv±²vki²r
kÀ}S¶r&²Sv³rvgj dvkI² CI2r³Sl²¾Wrgik4g={|i7lv{}lFrkj =??¹f-gik{7²k*Sl~k7±ikirv
vkrvgikil~rvW¾®+rgikvkI² CI2rvd²¾rvgkl~rvigSlFrWY²vrÂrg2r6dQkÃl~kkl-*iiIÀ 
j&2rvrvrvgikl~ji³rikSlÂlv}rv¾%rvgk¿lv{|l~rvkj ²¾"u¿ Dl =
; ?Â²:=
3 ?
 
 = 0I?Â²:= 0 0?L¾
Si0g|{=vjkrvgiiil¹ 4 lv´²Ys+Ç ) 3+³kS}{iklvkSrk4²4kÀiS¶rWl~S³}r³S*rl~ji2rkl~rv}gSlFr¿l~{}l~rvkj&l+Æ0³rvg4¡ik-³Yklvko¾rvgkkrvd°S³j k= rvkI2rvkI*}krvkvjil~r²³{?
á ä,ß/á é
 
	
		 !"#
$	%& 0
number of tem molecules
re
la
ti
ve
 f
re
qu
en
ci
es
0 10 20 30 40
0
0.1
0.2
hybrid S={1,2,3} (dt=0.001 day)
fully stochastic              
200 days post-infection
number of tem molecules
re
la
ti
ve
 f
re
qu
en
ci
es
0 10 20 30 40
0
0.1
0.2
hybrid S={1,2}  
fully stochastic
200 days post-infection
number of tem molecules
re
la
ti
ve
 f
re
qu
en
ci
es
0 10 20 30 40
0
0.1
0.2
hybrid S={1,3}  
fully stochastic
200 days post-infection
iò¶íZù?ë  Qß/ëFóAíZï ö?ó 
¶ùZò ëFù?ëFìö,ú  !Zù?òoóó?ö?ëFû0ó 
¶ùGöAúZë !ZðõFö?ëFù?ò
¶üZú2ð¶ë  ýû 
 IëFï ó
¶ïôòWïôòñìIëFó
Qõ
¶û0ü2ðù?ëWö 
Âö?úZë
ù?ë³ëFù?ëFìZõFë íZïôï 0ó?ö
õAú2ðó?ö?òôõó IóÐö?ë~û  	
öÐö?ëïôòôìZë %!2ðóAë
¶ì
10
4 ùÐë~ðïôòvðö?ò
¶ìZó 	
gi2ÆÂk°k
 
rv±rvgik4Qkl~r²¾WSi Ç|iZÆ0kik
 
rvgik4kk²+l~rv2rkS{ÅiklvkSrk7gikk7gSl¡i²rQk
lv}kvkIdQk¾®SvkS¹
f-gik6Íl~rijlv³ivkIl~i³rl²¾%Sig={|i²iiSSg}2rkWlvjk0¾®ivrvgk+}vkrvl²¾%k

lvkg/¹f-gik0=ijk²ilv}r³Sl,¾rgik0g={|i lv{}lFrkjÆ+kk+S}r³ikIÆ0³rglvjk-l~rSrLl~rvk
lv CkoSrkS²rvI¹,ÄWkk
 
*Si²}r³°klFrklv Ck¿=rvQl+³Çk³{r¡¾®i~rgik6l~Qkkdilv³j²rvl
 Æ0gig&lvgii Qk6jiikÆ0»rg&jSvk6}kr²³kI²³{}lvl"¾Gk°k=rikrvkI¶r³S/¹,t rÆ+l5kÀ|³³rv{
irÃi²j rvrgikkr²{FlFr»¾®{Å²|{´Y²vrv³rvii²¾Ârvgk&lvkrÃ²¾+krvl¿Srv´l~r}gSlFr
}krvkvjil~rvikIl¹ Ò j&2rvgkj&2r²"²²{}lvlW²¾5rgik iiIÀ}j²rv´kvSW²¾5rgik¡g={|i
j}}k,jvkI*rv¾®i³{´l~rvigSlFrÃSiklWikkI}k
 
~ri6Æ0gikO²j i*2r¿i}rv°k{
~r»r³SiikS¶r³SlLlvk&SivSQklv³r¼{¡¾®iY¶rvYl+²=ijQkÂ¾/krSrÂj S³kIikl¹"Ô
rgik+fWÏ-j}ik|}³µQkvkSr,Y²vrv³rvlgZ°kQkk¡²Y²{5Ck%¹t¼Srkkl~rvi{
 
rvgik-ji}r2r³S²=lvQkkI
iO}|kIl0²rolvji³{kSl~kÃÆ0³rvg´rvgk|ijQko¾5vkS¶r³Sl0j}}kk´}krvkj³l~rv³{¹0f-gl
SrkiZ{QkrFÆÂkkl~Qkk i²Y ²vrv³rvii²l~kk ¾®i~rgikÂ²Y²{|lvl,rvg²ri k°kSr²³{
kSr& 2r³S²kW¾®S6l~kr~r³i&i4g={|i*j}ikl¹
ßß
ì.Hÿþ ¶ÿ
0  E% " .	
1! 
$	 "
1   
1#!5
  &*Ø)0# )6.)0¡	
f-gilÆÂSvÇ glQkki»r²rvkI}iiÃrgikÃÕ Dp Ò Õ-yd²Ãklvkg&k=rvk
 
gik&dpO²l~k³³kIl
=?Ôi²k<? ¾®jSi{.7²rvgrv y|k}rvkjQk²
 
²Y¹ D6¹ñÕo¹+²Y 4 ¹ f¹+Ç|iZÆ0kikÍY²lviiQvr-¾®vSj1rvgik Ò 6ÕºLkl~rvll~j6=®tFmo0t Ò ?¹Yso¹ ¡¹ @¡¹Ç|iZÆ0kikl-WI¹  ilWy|ki¾®S-gil
ik³Sl"S}°|kl5rvgk Dn·y}f0 DL 4 ²=r/=AÕ0u¿pOsÂtvu    yiÄ 4 ~Õ+f ¼2 ¼²S.7.; ?/¾®5¾®i}i¹Ì ¹ Ä¹|SÇ|i2Æ0³kI}kIl"Í²Ql~iQvr|{¡rvgko¿Ô 4 6klvk²g*ÕÂk=rvk+pO2rvgk   s+k³/¹ Ì korg²iÇ*ÔvI}  kG¾ S-¾®i»rv¾®i}lvlvlvl-*rvgil6lvi}¼kI¶rI¹
 )02)-!,)0+)0	
)20+ Ò i²jq"¹ Ò vÇ|
 
Sgi\0Sll
 
²\ÄWvk{ÅÄ¹,p Ò ²j&l¹±y=rvigSlFr&Ç|ikr²{}lvlÃ¾
}k°k³Sijk=r²i²rvg|Æ+I{i³¾®i²rv igY²k
λ
A}¾®krvkI 
 1
% "k³l¹
	/  

 053  20707² ;
 
03 3;¹
)ô+m¹=s-²Ç2i²Y&yG¹  ki³k¹%0il~rvkll5lvj ³k6³}gikj ikrFÆÂÇ}l¹$. 
1 
 
 ;=Ï   3"0
302Ï
 
0<33=Ï}¹
) + k°|ds+ikW²df-²igQf-²¹/"lvlv ¼0ik
}r~rÃjkrvg}il¾®S+gikj QvkIrv
lv{|l~rvkj&l¹ !   	.! 
"   -. 
1 !  	   % 
 . 
.
! "

1  	
   	# 
 %$A 
 
²Skl8;=137
 
¹
) .+ k°|s+ik
 
f-²igf-²
 
´"²jkds+ik¹ Ò ji³rv  l³k¡²iv=g¾®¿lv³j 
2rvi&gikj²/vkIrvlv{|l~rvkj&l¹&$A  .  ('/
)1+*:%,'/
%
 
;=  ô102Ï-}²²
 
²Y¹
)ô+Ã,krvk6ok , gY²*ÔiS³Ç|j&²0s+Svikj&²i/¹
 
"   - 
1!/. !!08 	!. $ 1 32
"
%4 
". 
"
 
°S³ijk|²¾  (*´¹y|vik
 
²SS}¹
) 7+Ã,krvkok , gÃ Ò }kSl/Ä6Sgij&²i¹5" <	
" 
.  
"   - 
1!¹Sy|vik
 ²SS}¹
)ñÏ<+p´gk5s¿¹D³2Æ0»r C
 
Dv¡¡¹/y}³S
 
,krkyG¹y|Æ+²
 
² Ò i6¹  k°=ikS¹y|rv}gl~rv
kikkÀ}ikll~*³´lv³iS³kÃk?¹7 
 
 
3=Ï   0 0;00;7
 
²=}¹
) ;+¡Õo¹ Ì ¹ 4 i³ik¹  $ 	98 : 
6*  	-; .:$- 
   " #   	 !"$. 
1 .%, 
¶¹Ây|iviSk
 
²*k}³rv
 
72rvg4ivSr³²SS}¹
) 3+p´gk Ò ¹ 4 l~SÃ%Skgi=l~g|0sÂÇG¹D k=rkÀiS¶rl~rvigSlFr5lv³j²rv¾}gikj²lv{|l~rvkj&l-Æ0»rgj&={*l~Qk³kIl0²j={*giikl¹=<>$-1  
 
0I²   0<;SÏ70;.;3
 
²Si¹
)20.+Ã¿²ikLf¹ 4 ³klvik¹ Ò kik²,jkrvg}¾®=ijkv³{l~ji2rvi*rvgik&l~rv}gl~rvrvjkk°S³irv*¾"Siikgikj²/vkIrvl¹7< - 
1$  
 
   ==S2
 
03=Ï.7i¹
)200+Ã¿²ikf¹ 4 ³klvik¹ D5Àir6l~rv}gSlFrl~ji2r³i¾"Siikgikj²/krvl¹7<>$-1 
 
;"0  ô²²S}².70
 
03=ÏSÏ|¹
á ä,ß/á é
 
	
		 !"#
$	%& 0I
)20I+Ã¿²ikf¹ 4 ³klvi³kS¹f-gikgikj   ik°|4²4Ô,Ç|ÇkAÇk=²rv*¾®6k°klv³ikl~Sj kv2C²rv/¹7<>$-1    
 
0I7  ô²7}2=Ï 0
 
0<33Si¹
)20.+Ã¿²ik"f¹ 4 ³kl~³kS¹ * . 8 $A <  -;  E 5" <	
" 
. +$-1
% 
"# ¶¹ Ò  }kjLvkIlvl
 
0<33Si¹
)20+Ã¿²ikQf¹ 4 ³klvik¹ Ò iiIÀ}j&2rk6Sk³k²rvkI l~rvigSlFr6l~ji2r³S&²¾/gikj³{¡kS¶r i&l~{}l~rvkjl¹=<   $-1
 
00I   02Ï 070ZÏ2²
 
²"0¹
)20I+Ã¡¹ 4 SCk   Y¹ÂÄW³Z{    Ò ¹ 4 SiYkrvk¹¸okrvkvjilFr°kl~ll~rv}gl~rv4j}}kl¾®S}²*g={=rvgjl¹< '/
%$-1
 
.;   7|Ï957S²
 
=}¹
)207.+ D6¹SÄW³k
 
,¹Sm  l~kr~r
 
²Y 4 ¹ Ì ²ikI¹ % !  . 	!  	. 1  "
% )4 
"
" 
$ 2   1  %  ¹+y|i³iSk
 
0<33Si¹
)20ZÏ+ D6¹SÄo²vkL² 4 ¹ Ì iikI¹  % !  	! 	 1E "
% )4 
"
" =  1 .	 	 1  "
% 2%  < .
  % $¶¹Ây|vik
 
03 37i¹
)20;.+ DL  ¹iÄolvk³rvik²Y Sjkl-so¹i6ZÆ0³i=l¹ Ò iiIÀ}j&2rvklv³ji2r*²¾,iikd¾Ðl~r0
lv³2Æ·krvlÂ¾®S6lFr}gl~rv¿gikj²/Ç|³ikrvl¹<  " $  
 
002Ï   73S.357373
 
Si¹
)203.+ Sjkl kkikÂ²Y>=²jklÂy|ik{}%¹ * .!"
 .% $-1
.%  
 
°S³j kE;Ã²¾ 5  %*4¹y|vik
 ²S0¹
)ô².+Ãf-gij&Sl-Ã¹ kgi
 
0Qk~r6p½¹ip²r~rvgk{}l~kIl
 
²p´k°| ¹y|j jSl¹5Ä6{|i*lv³ji²rv
²¾"k³i-QkgI°|I¹#' 
.! .

 
²   "07|
 
¹
)ô10+ D6¹ WiÇZ°2
 
f¹DLjikr
 
Y¹Gp½¹ 4 ¹@W²¿f-giSj&l   yG¹%y}gi³j2C   ²´"¹ÕÂ³"CkA¹¿ÔvSjjk6l~krvdQkgZ°|³Si²/°²²i³³r¼{*OlvikS¶rkvij4¹ $. 
1 
 
|.;  ô=ÏI }SÏ;
 ²S²¹
)ô+ÃÄ¹%Ä¹%p Ò ij&l¿ Ò ¹%"¹ Ò Ç|/¹y=r}gl~rvjkgY²il~j&lo±kk¡kÀ}ikll~/¹+$#  (
 3²   ;"0  ;103
 
033|Ï|¹
)ô².+ÃÄ¹Ä¹p Ò i²j&l² Ò ¹L"¹ Ò vÇ|/¹t r  l&ÅiSlv{\ilvikll 4 kikr4kSi²rv2rrgik²j²0lv²k¹ 1  	>	/
 
0I   7= 73
 
0<333¹
)ô2+Ãp½¹Gp´SvSglvgi
 
Ò ¹ D6¹ Ì i
 
p½¹Gf¹Qs+Svl~Ç
 
Ä¹Gs+i
 
Y¹Qo2{=k
 
²Ä¹»r²iY¹W0
il~rvikIlvl0Sl- jklviko¾i²Yl~i³³rF{j i}kl+¾i}gikjGikr¼Æ+Ç|l¹7<  ('/ .%
 10<7  203|²
 
²SS}¹
)ô+ Ì ³jÄ¹,Lkll
 
s+²½"¹"Ô,iik{
 
yi²i Ò ¹"fkiÇSlvÇ|{
 
 Ì ³jf¹ @5kr~rvkvi¹

1
 %  " !   "  E  = 
   A -. 
1 ! ²¹/Õ+ji}Sk0n6³°klv»rF{vkIlvl
 2k}³rv
 
0<33Si¹Æ0Æ0ÆÃ¹ iI¹ j4¹
)ô.7.+ÕÂgil~rvSigik @¡¹/64² Ò ²j "¹ Ò vÇ|/¹y|rv}gl~rv gikj"Ç|ikrlÃ²Orvgik=lv 
l~rvkS}{  l~r²rvkCll~ij}r³S   Ò ii2r³S r rvgik 4 ³klvi³kx²³rvgij4¹ <   $    00<;    333}²0
 
²S¹
ßß
ì.Hÿþ ¶ÿ
0<7  E% " .	
1! 
$	 "
1   
1#!5
)ôSÏ+ S2rg²\p½¹,6Sl~kBDv ¹"u ôy|gikIi¹±ÕÂSrvS²¾6l~rvigSlFr»rF{±\kiÇ²²{²rkik
kÀ}ikll~¹& 
  
 
  20;003 0;0
 
²Y¹
)ô.;.+Ãp´iig*W2rvg³j
 
 ³ Ã¹},kr CS
   ²&Õ+   ²*¿²ik/f¹ 4 ³klvi³kS¹5y=rv³µQkll-³l~rv}gl~rv0gikj³{¡kS¶rv&lv{}lFrkj&l  rgikWji³³rr²  ³kI²iiÃjkrgi}%¹#<   $  
 00<3  20ISÏ;2 0ISÏ3²
 
²Si¹
)ô.3.+ÃÃ¹iy|v°2SlFrI°²
 
 ¹      Y¹}y|ijjk   ²/¹   ³¹,y=rvigSlFrW°}l¹|}krvkj³l~rvWj}}k³i¾Srvk³-°=²GÇ|ikrl¹<  . '/
%
 
0;   3|S 0
 
²=}¹
) .+ Sv´y|rvk³i
 
n6Æ+kdy}²k
  ³r½y C³lv   Ôl ¹W2{|³k&tvt~t   ² SgiÁo2{=k¹d0il~rvkikll-¾"ki-¾®i¶r³Sl¹  %!%
 
0 0;   7|Ï2 7;S
 
²S²Y¹
) 0+Ã6²³¾0y=rvkikI¹ D5µGkrlÃ²¾-lFr}gYl~rv³r¼{´Åj}}kl²¾rgik&k³L{}k  o¾®vSj SY²Sr CkÅ{}k
rvjkl-rv&ilvk
 ³ik*Sl²rvl¹7<  ('/
%
 
S.;  ô.3|10
 
²¹
) S+ WSigi5f,²Ç|gSl~gi
 
Ã.C² Ã²2C
 
s+ÅÄW
 
±pSl~ifj»ri¹ Ò j»r ¼²Sv³rvgij
 ji³rv ?r³jkIlv²kjkrvg}d¾®S6k³l~ji2r³S/¹&'/
! .. 

 
  ô²;}2 7
 
²S²¹
) .+Ãf¹"D6¹Yfiik
 
yG¹Qy}giik³
 
 ¹s+ik¹Ây=rv}gSlFrÃ²iv=gikl+¾®6j}}k³i&³´°|³°
krvl¹ -6'/
  
 
.;  207= 0ZÏ;
 
¹
) ²+Ãf¹ Ì ³gikj
 
Y¹Ys+kgik
 
²OyG¹Gy}g=l~rvkI¹ Ò ³{}lvl6¾LlFrvrvi²il~rvkll0²¾5jkr²QS³
ikrFÆÂSvÇ}l¹
  .%  
 
0  200 0I²
 
¹
   )0#*¶
  &"*	/ .#)0
ÄWkk
 
ÆÂk0ik³°k+rgik0}Íi³rvkIl~j&²iSkik2r5²¡rvgik6gikj}j&l~rvk5k=²rv¡¾®"rgik6pvÇ2°
FijOiv}kll
X(t)
}kÍYik´ =Ð5?¶¹¿ÕÂlv}k6rvgik¡lv{}lFrkj
X(t)
2r6rj k
t
²´lv}korvjk
kjk=r
∆t > 0
¹ Ì k²i2rk
=Ð#?ÂrgikÃii³³r¼{&rg2r0rgikkl-ikS¶r³S*QkrFÆÂkk
t

t + ∆t
l
P[Nj(t + ∆t)−Nj(t) = 0; j = 1, ..,M ] =
M
∏
j=1
exp(−aj(X(t), t)∆t)
= 1−
M
∑
j=1
aj(X(t), t)∆t +O(∆t
2);
=Ð³!?ÂrgikÃivS²³»rF{&rvgY2r6i{&rgikÃkrv
Rk
}il+QkrFÆÂkk
t
²
t + ∆t
P[Nk(t + ∆t)−Nk(t) = 1
²
Nj(t + ∆t)−Nj(t) = 0; j = 1, . . . ,M, j 6= k] =
ak(X(t), t)∆t +O(∆t
2).
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f-gikvk¾®k
 
rvgik4ii³³r¼{ÁrvgY2r rgikk4²kdrFÆÂÅ jSvk*kS¶rvYlQkr¼Æ+kk
t

t + ∆t
l
O(∆t2)
¹LmWZÆ
 
¾®6={QSi}kId¾®irv
f : NN → R
Æ+kir²
E[f(X(t + ∆t)) |X(t)] = f(X(t))(1−
M
∑
j=1
aj(X(t), t)∆t)
+
M
∑
j=1
f(X(t) + νj)aj(X(t), t)∆t +O(∆t
2),
lv Æ+kkr-rvgY2r
X(t)
l6p²Ç2°=²
 
²Y
lim
s→t+
d
ds
E[f(X(s)) |X(t)] =
M
∑
j=1
f(X(t) + νj)aj(X(t), t)− aj(X(t), t)f(X(t)).
= 0I ?
f-gikÃ³SgSr0g²Yl~}kÃ²¾rvgk²Q2°k¿k=²rv*S³°Skl-l+rgikÃ}Íi³rvklvj/kik2r
Af(x) =
M
∑
j=1
f(x + νj)aj(x, t)− aj(x, t)f(x)
¾irvgik0p²ÇZ°¿v}kll
X(t)
Æ0gig¡kSrvk{Ãg²rvkv2CkIl/³r¹LÕÂlvik³i
f(X(t)) = 1{X(t)=x}B= 0 ?
 
Æ+k}r²*rvgik¡ÕÂgikj²/pOl~rvk D=²rv
d
dt
P[X(t) = x] =
M
∑
j=1
P[X(t) = x− νj ]aj(x− νj , t)− aj(x, t)P[X(t) = x].
 )  *!"# .&#*)0 
ÕÂSl~}k0rvgkg={|i4lv{}lFrkj
X(t)
2r0r³jk
t
4lvik6 r³jkkjkSr
∆t > 0
¹0ÕÂlv 
kvi QSi}kI
 
}³µQkvkSrv²³kÃlvk°2i³k
f : (R+)
N → R
Æ+kir²
E[f(X(t + ∆t)) |X(t)] = f
(
X(t) +
∑
j∈D
aj(X(t), t)∆t +O(∆t
2)
)
×
(
1−
∑
j∈S
aj(X(t), t)∆t
)
+
∑
j∈S
f(X(t) + νj +O(∆t))aj(X(t), t)∆t +O(∆t
2)
drvg|l
lim
s→t+
d
ds
E[f(X(s)) |X(t)] =
∑
j∈D
aj(X(t), t)
d
dt
f(X(t))
+
∑
j∈S
f(X(t) + νj)aj(X(t), t)− aj(X(t), t)f(X(t))
ßß
ì.Hÿþ ¶ÿ
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$	 "
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ji³{|i rgikÃ}Íi³rvklvj/kik2r
Af(x) =
∑
j∈D
aj(x, t)
d
dt
f(x) +
∑
j∈S
f(x + νj)aj(x, t)− aj(x, t)f(x),
Æ0gigd¾®i{dg²rvk2Cklrvgikg|{=vdi}kll
X(t)
¹5f-g|l
 
ÆÂk¿gZ°k d
dtE[f(Xt)] = E[Af(Xt)]
¹
Ì kW²rvgik&r²Çk0rgikWi²YQSr¾%°=kÆº²YkrLrgikÕÂg²ij&  oj S²vZ°k=2r³S ¾®Lrgik
SdivS²i»rF{jkSl~ik
d
dt
P[X(t) ∈ dx] = −
∑
j∈D
d
dx
(
aj(x, t)P[X(t) ∈ dx]
) = 0 ?
+
∑
j∈S
aj(x− νj , t)P[X(t)− νj ∈ dx]− aj(x, t)P[X(t) ∈ dx],
Æ0gikvkorgikÃ}k°22r³SdÆ0»rgvkIl~QkI¶r+rv
x
jl~r0Qki}kl~rv|}d³*rvgikl~kl~k¿¾,}lFrvi}r³Sdrvgk

Sv{S¹5f-gkl~kIdrkj3²¾,rvgkÃ³SgSr0g4l~}kÃl0lvj ³{drvgikÃ¾®i³{lFr}gl~rvÕÂgikj²pSlFrk
D=²rv
 
Æ0gi³krgikÍl~r-rkjØl6}ikrv rgik}krvkj³l~rv¿j}ikA¹
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ÄWkk*Æ+k¡Fl~rv³¾®{\rvgik4klvk*¾Wrvgik4kÀ|QSik=rv²-²}Sj °²²ikl rvgik´lvkr~r³Å²¾Wrgik4ikÀ|r
kS¶rv jkrgi}%¹¸ÕÂlvik
M ′
}kQk}kSrdkÀ}QikSr0}j °²²i³kIl
ξ1, . . . , ξM
′ ¾
jkrvk
1
²}kIklvi¡¾®irvl
f1, . . . , fM
′
: R+ → R+
Æ0»rg´³|°kl~k
(f j)−1(y) =
inf{x ≥ 0 : f j(x) ≥ y}
¹
f-gik
 
rvgik-IÆ7²¾
(ξ1, . . . , ξM
′−1)
Y}»r³Sikr
{fM
′
(ξM
′
) = min1≤j≤M ′ f
j(ξj)}
l"k=
ZÆCr
(ξ1 + (f1)−1[fM
′
(ξM
′
)], . . . , ξM
′−1 + (fM
′−1)−1[fM
′
(ξM
′
)])
¹
fÃiZ°k+rgil
 
Sl~}k
M ′
SSr³|il5QSi}kI¡¾®i¶r³Sl
g1  
¹¹
  gM
′ ¹ Ì k0gZ°k+ri²rvk
E = E
(
g1(ξ1)g2(ξ2) . . . gM
′−1(ξM
′−1)|fM
′
(ξM
′
) = min
1≤j≤M ′
f j(ξj)
)
=
E
[
∏M ′−1
j=1 g
j(ξj)1ξj≥(fj)−1(fM′ (ξM′ ))
]
E
[
∏M ′−1
j=1 1ξj≥(fj)−1(fM
′ (ξM′ ))
] =
∏M ′−1
j=1 E
[
gj(ξj)1ξj≥(fj)−1(fM′ (ξM′ ))
]
∏M ′−1
j=1 P
[
ξj ≥ (f j)−1(fM ′(ξM ′))
]
lvirvgiko³Y}kQk}kk¹5nol~irgikWSÇ ²¾/jkjSv{ iQkvrF{¡²¾%rvgkWkÀ}YSik=rv²Y°2v²³k$=®A¹ kS¹
∀x ≥ a, P[ξj > x|ξj > a] = P[ξj + a > x]
?
 
Æ+kkr
E
[
gj(ξj)1ξj≥(fj)−1(fM′ (ξM′ ))
]
= E
[
gj
(
ξj + (f j)−1(fM
′
(ξM
′
))
)
]
P
[
ξj ≥ (f j)−1(fM
′
(ξM
′
))
]
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E =
M ′−1
∏
j=1
E
[
gj(ξj + (f j)−1(fM
′
(ξM
′
)))
]
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S = {1, 2, 3, 4}

 kr6l-kj&vÇrg2r0¾®
S = {1, 2, 3, 4}
²
D = {5, 6}  
l~{}l~rvkj3²¾Lu¿EDl=; ? =
3 ?+kl
d
dτ
rvkj
= 0
d
dτ
k
= 0
d
dτ
l~rv
= c5 ·
rkj
− c6 ·
l~rv
d
dτ
gσ(τ |t) = c1 ·
Sk
+ (c2 + c3) ·
rkj
+ c4 ·
k
·
l~rv
Æ0³rvg4i»rS}³rvl+rkj
(t),
k
(t),
lFrv
(t)
2r
τ = t
¹5t r6gSl+rvgik²{=rv²/l~S³}r³S
rvkj
(τ) =
rkj
(t)Sk
(τ) =
Sk
(t)
l~rv
(τ) =
( l~rv
(t)−
c5
c6
·
rvkj
(t)
)
e−c6(τ−t) +
c5
c6
·
rkj
(t)
gσ(τ |t) =
(
c1 ·
k
(t) + (c2 + c3) ·
rkj
(t) +
c4c5
c6
·
k
(t) ·
rvkj
(t)
)
· (τ − t)
+
c4 ·
k
(t) ·
( l~rv
(t)− c5c6 ·
rkj
(t)
)
c6
(
1− e−c6(τ−t)
)
.
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